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A three-dimensional photoelastic model of the Algol 11-B sol id  

propellant rocket motor nozzle constructed under a previous NASA 

contract (W1-3975) was modified and instrumented f o r  tes t ing  at 

higher applied pressures and under thermaJ. gradients. A computer 

analysis was performed by the AeroJet General Corporation f o r  both 

pressure and thermal loading f o r  comparison with the  results of these 

tests. I n  addition, two dimensional beam-on-elastic-foundation models 

were constructed and tested.  

Generally good agreement was obtained between theoret ical  r e su l t s  

and tes t  results, confirming the low stress levels reported by ARA 

i n  NASA CR 66026 ( f ina l  report on Contract NASl-3975). The two dimen- 

sional. beanron-elastic-f oundation model was demonstrated t o  be applicable 

t o  axisymmetric shell analysis. 



A:\ 4 7 . A L L L E D  RESEARCH AYSUCIATES T i i i  

In  this culmination of the Algol Rocket Nozzle investigation, the previously 

constructed 3-dimensional photoelastic model of the II-B nozzle was  modified and 

instrumented for  testing a t  higher p re s su res  than previously, and for  thermoelast ic  

analysis.  

for  comparison with the resul ts  of those experiments,  

foundation 2-dimensional models were  constructed and tested. 

A computer analysis w a s  perforiiied by the Aerojet  Genera l  Corporation 

In addition, beam-on-elastic- 

The resu l t s  showed generally good agreement ,  confirming the low s t r e s s  

levels  reported previously by ARA in the initial experimental  program. In addition, 

the 2-dimensional beam-on-elastic-foundation model was demonstrated to be applic- 

able to ax isymmetr ic  shell  analysis. 
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1. INTRODUCTION 

The basic purpose of this project initially w a s  to evaluate photoelastically the 

s t ruc tura l  performance of the Algol 11-A and Algol 11-B rocket nozzles. 

investigcrtion (Ref. 

4 percent  of those reported in a theoretical  analysis (Ref. 2). 

In that 

1 )  p re s su re  s t r e s s e s  were  found experimentally to be only about 

The low p res su res  employed in Ref. 1 to avoid model fa i lure  yielded such low 

fringe o r d e r s  that accurate  photoelastic data were  difficult to obtain in the special  

bonded polariscopes utilized in the 3D model which was fabricated and tested. In 

addition, only fringe pattern data in the photoelastic plastic ( representat ive of the 

r e f r a s i l ,  carbon and fiberglas of the prototype) w e r e  obtained. No data were  acquired 

directly on the magnesium (representative of the s tee l  reinforcement on the prototype). 

This  second phase of the nozzle study was conducted to  obtain data of increased 

accuracy by application of higher model p re s su re  (at possible r i sk  of fa i lure)  and to 

supplement the photoelastic data with strain gage data on the magnesium reinforce- 

ment ,  and to per form a thermal  s t r e s s  test  in addition to the p r e s s u r e  test .  

addition, a subcontract was le t  to  Aerojet General  to  conduct computer analyses of 

the nozzle f o r  both p re s su re  and temperature  loadings employing the new program 

developed by Wilson (Ref. 3 ) ,  in o r d e r  t o  obtain a better correlat ion of theory with 

experiment ,  s ince Ref. 3 i s  considered capable of representing the nozzle behavior 

with considerably grea te r  accuracy than Ref. 2. In this case,  however, there  was a 

slight change of emphasis. 

instead of the prototype nozzle. 

geometry and mater ia l s  instead of f o r  the 11-B nozzle. 

and experimental  investigations were  pertinent to the prototype, however, s ince the 

model  was  a closely scaled simulation of the prototype. 

In 

The 3-dimensional model w a s  the reference a r t ic le  

The Aerojet analyses were  conducted for  the model 

The resu l t s  of both theoretical  

This second phase contained an  additional feature. Pre l iminary  efforts by 

ARA indicated the utility of the beam-on-elastic-foundation concept in a 2-dimensional 

photoelastic model to investigate the pressure  s t r e s s e s  in the nozzle. 

du re  has  the potential of a simple,  rapid modeling procedure which would reveal  

s t r e s s e s  m o r e  effectively than a 3-dimensional model because of the grea te r  access-  

ibility of the fringe pat terns  both in the 2D cross-sect ion and circumferentially.  

This proce- 
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2 .  THREE DIMENSIONAL INVESTIGATION 
- 

2 .  1 Experimental  P rogram 

A. Introduction 

In o r d e r  to p repa re  the model f o r  the current  investigation, i t  was necessa ry  

to a l te r  the configuration, to apply s t ra in  gages and thermocouples, and to p repa re  

proper recording devices to accept the data. 

support, and a tank for  thermoelastic analysis were  designed and constructed. 

s u r e  and thermoelastic tes t s  were  conducted in which photoelastic and s t ra in  gage 

data yielded information on model s t r e s s e s  while the thermocouples in the thermo- 

elast ic  t e s t s  provided the basic  information f o r  the theoretical  analysis as well as for  

correlat ion with the observed s t r e s s e s  in the 3 dimensional model. 

these procedures  a r e  reported in this section of the report .  

A pressurizat ion system, a model 

P r e s -  

The details of 

B. Model Modifications 

The 3 dimensional photoelastic model which was employed in the previous 

investigation is shown in F ig .  35 of Ref. 1. 

proper  geometry f o r  the cu r ren t  investigation, in which the proper representation of 

the prototype p r e s s u r e  tes t  w a s  desired,  the Plexiglas throat  cylinder was removed 

and a r e p a i r  ring was cemented into the throat to yield the contour shown in F i g .  1. 

Type A7 s t ra in  gages w e r e  cemented to the magnesium reinforcement in the 

These 4 gages provided s t ra in  data a t  

In o r d e r  to convert the model to the 

inlet  region a t  the locations shown in F i g .  2 .  

the two locgitudinal lncat ions shF.!n to pprm-it deterrr-inatic?n nf rPiofnrcPF-Pnt  s t r e s s  e9 

both longitudinally and circumferentially at positions of previously reported high 

s t r e s s e s  according to the theoretical  analysis of Ref. 2. 

Because of the radial  gradients anticipated in the model during the rma l  t r a n s -  

ients ,  a careful  program of investigation w a s  conducted to determine the amount of 

piping of temperature  to be expected with radially inser ted thermocouples. 

studies revealed the advisability of contouring the w i r e s  n e a r  the beads along circum- 

f e ren t i a l  lines f o r  a t  l eas t  1 /4  in. A s  a result, the thermocouples w e r e  f i r s t  cemen- 

ted into epoxy plugs, which w e r e  then cemented into cored holes in the model at the 

locations shown in Fig .  3.  

These 

2 
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The thermocouple data were  r e fe r r ed  to an ice  junction. 

amplified with a Kintel amplif ier  and were recorded on a Heiland Corp. Model 708C 

Oscillograph. Because of the need f o r  reliable switching to obtain the thermocouple 

data, extensive development was necessary to achieve effective operation of this 

The outputs were  

equipment . 
The s t ra in  gages were  compensated by gages on magnesium biocks near  the 

model. 

4 channel Sanborn recorder .  

They w e r e  excited by 4 volts input and the output was acquired on a 

D. Pressur iza t ion  Svstem 

6 

The p res su re  was applied to the model in the inlet and throat  by closing the 

inlet with a Plexiglas cover attached to the bolt c i rc le ,  inserting a plunger to the 

center of the throat  region f r o m  below, and introducing nitrogen gas in the chamber 

so formed. 

Although polariscopes were  bonded into the model (F ig .  36 of Ref. 1 )  to reveal  

s t r e s s s e s  longitudinally throughout the inlet and throat  regions, only the longitudinal 

polariscope nea res t  the inlet was visually accessible.  Fur thermore ,  difficulties in 

illumination made photography of the fringes at  that location impossible. 

c i rcumferent ia l  polaris cope could be photographed. 

The throat  

E. T hermo elast ic  A r raneement 

The thermoelast ic  investigation w a s  conducted by closing the bottom (exit)  of 

the expansion cone and depositing chilled halowax and glycerin into the model to  a 

level  slightly above the top of the inlet surface by aid of a dam ring. 

nal  polariscopes w e r e  inaccessible in this investigation. 

visually. 

The Longitudi- 

Fr inge o r d e r s  were  observed 

Complete tempera ture  runs were recorded at intervals.  

It was decided to select  the temperature  data for  6 minutes af ter  introduction 

of the chilling fluid as the basis  f o r  the theoretical  computer study to be conducted by 

AGC, s ince  the maximum accuracy would b e  available in the photoelastic data for  

comparison,  because at that t ime relatively slow changes occurred and the highest 

f r inge  o r d e r s  w e r e  observed, in the circumferential  polariscopes. 

In addition to observing the circumferential  polariscopes,  thermoelast ic  

photographs w e r e  taken of the fr inges in  the sk i r t  polariscope, the resu l t s  of which 

a l so  w e r e  compared to the predictions of the AGC analysis. 



2. 2 Experimental  Data 

200 

A. P r e s s u r e  

The 3D model was loaded in 50 psi increments  up to 200 psi. The summary 

of the visually observed fringe pattern data in the longitudinal polariscope appears  

in Table 1. 

1 0. 8 

Table 1 Fringe Data f rom Visual Observations of Longitudinal 
Polar iscope During 3D P r e s s u r e  Tes t  

Strain Gage 
P a i r  

I Pressu re (ps i ) l  Inner Fr inge  Order  I Outer Fr inge  Orde r  I 

Circumfer  entia1 Longitudinal 

F,lP I 

Uncertain 

100 0. 4 to 0. 5 
50 I 

150 I 0. 8 

Un c e r t ain 

0. 3 to 0.4 

0. 6 

The s t ra in  gage data ( F i g .  4 )  were converted into a l p  by using the slopes of 

the s t ra ight  l ines which w e r e  fa i red  through the data points. 

found using Hooke's Law with E = 6 .  5 Msi and v = 0. 3 .  

shown in Table 2 for  the s t ra in  gage locations shown in F i g .  2. 

The s t r e s s e s  w e r e  

The values of a l p  a r e  

Table 2 Experimental  S t resses  on the Surface of the 
Magnesium Allov Reinforcement 

Local  s t r e s s  concentrations could not be discerned with certainty,  although 

the re  w a s  indication of a higher fringe order  at 200 ps i  near  the extreme outer corner  

in location A of F ig .  1. The difficulties in obtaining these data a r e  charged to prob- 

l e m s  in lighting the embedded polariscope in the meta l  reinforcement region, and to 

degradat ion of the internal  reflecting layer result ing in loss  of clari ty of the fringe 

pa t te rn  image. 

7 



I 
I 

E 

IO00 

0 

A 0 I, 4 Circumferenfia/ 
2,3 Longitudinal 

See Figure 2 for 
Strain Gage locations i Stroin Gage 

I I 
I 

# 2 
H 4  

- I  

0 50 100 I50 200 250 

P (Psi) 

Figure  4 Strain Gage Data for 3D Model Under P r e s s u r e  

8 



The fr inge pattern in the forward circumferent ia l  polariscope indicated a 

fr inge o rde r  change of approximately 112 between 0 ps i  and 100 p s i  a t  the inter ior  

location shown in F ig .  5B. 

at the inner boundary (not visible in the throat c i rcumferent ia l  polariscope). 

the fringe o rde r  a t  the location shown in Fig. 5B permi ts  a valid comparison with 

theory,  and consequently the peak value is not required. 

This is considerably l e s s  than the peak value which occurred 

However, 

B. Tempera ture  

The experimentally determined temperatures  at the locations shown in F ig .  3 

appear in F i g s .  6 and 7 at 6 minutes after insertion of the chilling fluid for two 

success ive  runs. 

The tempera ture  contours,  obtained f rom plotting these data,  a r e  shown in Fig .  8. 

The two se ts  of data indicate the reproducibility of the experiment. 

The experimental  thermoelast ic  data for  6 minutes af ter  fluid insertion 

appear  in Table 3 in t e r m s  of observed fringe order  at the two circumferential  polari-  

scopes and in the longitudinal polariscope at  the region of the outermost  portion of 

the entrance cone. 

Table 3 Thermoelast ic  Data 6 Minutes After Fluid Insertion 

Lo cation 

Longitudinal Polar i s  cope, 

Throat  Circumferential  Polar i -  

Downstream Circumferential  

Entrance Cone 

scope, Throat  Surface 

Polar i s  cope 

a. Throat  Surface 
b. 0. 2 Thickness Outward 
c. 113 Thickness Outward 

Fringe Orde r  

About 114 to 112 

3-ijZ 

2-112 
1-112 

112 

The  f r inge  locations w e r e  identified with the aid of the markings placed on the bonded 

polar iscopes for  this purpose. 

The photoelastic f r inge  patterns in the sk i r t  longitudinal polariscope appear  

in Fig. 9. The maximum fr inge o rde r  (at 6 minutes af ter  insertion of the chilling 

fluid) is 2-112, which is a reduction from the peak of 4-1/2 observed at 1 minute. 

The  expected charac te r  of a bending s t r e s s  field is evident at 6 minutes,  whereas 

the inward crowding at ea r l i e r  t imes i s  indicative of the ear l ie r  s tage of the transient.  

9 
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2. 3 Theoretical  Analysis 

Strain Gage Neares t  AGC Ci r  cumf e r  entia1 
q P  Pair Computer Element 

( 1 , 2 )  51 13 

(334) 83 24 

A. Introduction 

Longitudinal 

cI ?'I 
29 
36 

A subcontract was le t  to the Research Division of Aerojet  General  at Sacra-  

mento (AGC)to conduct separate  computer analyses of s t r e s s e s  in the modified ARA 

3D model (F ig .  1 )  under inlet p re s su re  and a selected temperature  distribution. 

P r e s s u r e  s t r e s s e s  were  computed for  both longitudinal res t ra in t  and for  total  

r e s t r a in t  (clamped) at the nozzle flange bolt circle.  

a ring moment at the bolt c i rc le  were  computed for  longitudinal res t ra int .  

completion of the calculations, AGC plotted (p - q)  contours on the longitudinal c r o s s -  

section. 

mar ized  the i r  method. 

se t s  of which were  sent  to ARA. 

In addition, the s t r e s s e s  due to 

Upon 

A brief repor t  (reproduced in Appendix I directly f rom the original)  sum- 

The resu l t s  a r e  also available on the computer printouts, two 

B. P r e s s u r e  

The region of pressurizat ion was  identified in Fig .  1. This corresponds to 

the pressur ized  zone in the hydrostatic t e s t s  conducted on the prototype nozzle. 

computation network and node points for  the analysis a r e  shown in Fig .  10. The 

resu l t s  of the unit p r e s s u r e  analysis appear as the (p - q) contours shown in Fig. 

for  longitudinal res t ra in t  and in  Fig. 12 for a clamped bolt circle. 

a t e  the localization of the s t r e s s  field in the neighborhood of the inlet and throat, with 

rapid decay beyond the throat. 

The 

11 

The curves deline- 

The nozzle inlet s t r e s s  field is seen to build up to a peak bending s t r e s s  in 

Because of the region of the throat  in the case  of longitudinal res t ra in t  (Fig.  11). 

LIIC ullLc:I LdLll  , l a L U I  = of the rectr..int ir- t he  3-di.mensiona1 model at the t ime of incep- 

tion of the subcontract to AGC, the additional resu l t  of (p - q) contours for  a ring 

moment  loading was obtained F ig .  13). 

11- - - - - -  - - . . A ^ : . .  . - - A  _.-^ 

The computer printout a lso permitted determination by ARA of the s t r e s s e s  

on the magnesium alloy sur face  at the locations of the s t ra in  gages. 

Table  4 S t r e s ses  on the Surface of the Magnesium Alloy Reinforcement 

15 
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The r e su l t s  w e r e  obtained by l inear  extrapolation to the surface f r o m  the inter ior  

elements in the reinforcement. 

The calculations of theoretical  fringe o r d e r s  to be expected in the two circum- 

ferent ia l  bonded polariscopes under p re s su re  loading appear in Table 5. 

C. Tempera ture  

The temperature  distribution chosen for  the computer analysis is the 6-min- 

Ute field for  which experimental  data f rom the 3-dimensional model a r e  discussed in 

Section 2. 2 B. 

throughout virtually the ent i re  nozzle, a s  is seen in the (p - q)  contours displayed in 

F ig .  14. 

region clearly reflects the t ransient  character  of the temperature  field shown in 

Fig. 8. 

The general  character  of a beam bending s t r e s s  field predominates 

The radially non-linear variation over the cross-sect ion in the throat 

The data f o r  the regions of the circumferential  polariscopes w e r e  obtained 

f r o m  information in the AGC computer printout. 

shown in Table 6. 
Calculations for  these regions a r e  

20 
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I_- 

Analysis 
Element  

172 
173 
162 
163 
152 
153 
142 
143 

Table 5 Theoret ical  Fr inge  Orde r s  in Circumferent ia l  

(t = 114 in., f = 54 psi-in/fringe, and f / t  = 216 psi l f r inge)  

Po la r i s  copes, lOO-psi P r e s  s u r e  Loading 

I b R - q  t 
= n  

f ue''r U r 

t 97.1 - 94.2 t l 9 1 . 3  0. 89 
t 98.1 - 50.4 t148.5 0. 69 
t 89.4 - 12.5 t101 .9  0.47 
t 98.0 t 26.6 t 71.4 0. 33 
t109.3 t 71.6 t 37.7 0. 17 
t130.7 t100.2 t 30.5 0. 14 
t161.4 t142.3 t 19.1 0. 09 
t180.9 t140.0 t 40.9 0. 19 

29 1 t 34.7 - 0.5 
299 t 29.3 - 1.0 
300 t 27.5 - 2.8 
308 t 24.8 neg 
309 t 21.8 - 1.6 
310 + 19.5 - 0. 6 

I Forward  Polar iscope I 

t 35.2 0. 16 
t 30.3 0. 14 
t 3 0 . 3  0. 14 
t 24. 8 0. 11 
t 23.4 0. 11 
t 20.1 0. 09 

I Analysis 
Element  

t115 .5  
t111.2 
t 102.2 
t 102.5 
t106.7 
t116.0 
t133.1 
t 143.5 

142 
143 

- 93.7 - 56.8 - 26. 5 - 2. 6 
t 33.2 
t 54.3 
t 83.0 
t 84. 0 

( u p r )  t 
f =n 

I 
u -u 

I 
O r  U 

1 
r 

t 209. 2 
t 168. 0 
t128.7 
t 105. 1 
t 73.5 
t 61.7 
t 50.1 
+ 59.5 

Aft Polar is  cope I 

t 15.2 
t 12.4 

21 

0. 97 
0. 78 
0. 60 
0.49 
0.34 
0. 29 
0. 23 
0. 28 

t 21.9 
t 17. 1 
t 16.2 
t 10.3 
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Table 6 Theoret ical  Fr inge  O r d e r s  in Circumferent ia l  

(t = 1 / 4  in., f = 54 psi-in/fringe,  and f / t  = 216 psi / f r inge)  

Polar iscopes,  Thermal  Loading 

5 Analysis 
Element  

u -0- 0 r  0- r 

172 
173 
162 
163 
152 
153 
142 
143 

+ +741 
+433 
+225 
t 1 0 3  
+ 16 - 50 - 79 - 73 

+ 29 
+ 1 2  
+18 
$ 2  
+ 1  
-13 
- 6  
+ 8  

+712 
+421 
+207 
+ l o 1  
t 15 - 37 - 73 - 81 

- 22 
-201 
-257 

310 -256 

A f t  Polar i s  cope 

t3 .  30 
t1 .95  
+O. 96 
+o. 47 
to. 07 
-0. 17 
-0.34 
-0.37 

$45 
+30 
+48 
$ 8 2  
1 - 2  
+ 3  

+404 
+107 - 70 
-283 
-259 
-259 

$1.87 
+O. 50 
-0.32 
-1. 32 
-1.20 
-1.20 
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2.4 Comparison of Theory and Experiment 

A. P r e s s u r e  

Experimental  and theoretical  reinforcement s t r e s s e s  a r e  compared in Table 7. 

Strain Gage 

(1Y2) 

( 3 ,  4) 

Table 7 Theory and Experiment Compared on Magnesium 
Reinforcement 

Nearest  Experimental Data Computer Theory Ref. 2 Analysis 
Computer 

Element ug /p  r t l  P U g l P  ‘l.c/p oe/p n p, I P  

51 10 25 13 29 24 4 1  

8 3  34 44 24 36 2 3  54 

Reasonably good agreement  is seen at (1, 2), which is on the longitudinally f la t  

portion of the reinforcement. 

specimen a t  (3,4) may be the r e su l t  of a slight s t r e s s  concentration, since the gages 

w e r e  in the region of the fillet. 

sufficient data to pe rmi t  precise  extrapolation because of the choice of elements. 

The greater difference between computer theory and 

The computer analysis readout did not contain 

The  disagreement with the results of Ref. 2 is apparent, and this disagree- 

ment  is magnified f o r  s t r e s s e s  in the interior which a r e  considerably lower than 

the magnesium surface,  whereas Ref. 2 indicated s t r e s s e s  there  of the same  o r d e r  

as shown in Table 7. 

The  fr inge o r d e r  observed in  the longitudinal polariscope w a s  considerably 

lower than deduced f r o m  the AGC computer program. 

tinct cha rac t e r  of the fringe pattern. 

p re sen t  but was  not reliably identifiable, 

This is traceabie to the indis- 

A possibly higher fringe o rde r  appeared to be 

A photoelastic datum obtained f r o m  the forward circumferential  polariscope 

is compared  to the theoretical  curve in Fig. 15, which shows reasonable agreement  

f o r  100 ps i  applied pressure.  

of the c o r r e c t  value. ) 

(The fringe o r d e r  w a s  estimated to be within 1 / 8  fringe 

B. Tempera tu re  

The  theoretical  values of principal s t r e s s  difference in the region of the 

longitudinal polariscope nea r  the throat inlet a r e  shown to be of the o rde r  of 100 to  

150 psi ,  where  the plastic w a s  cemented to the magnesium shell. This corresponds 
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to 1 / 2  to 0.7 f r inges s ince 1 f r inge w a s  equivalent to 216 psi. 

general  to the value of 1 / 4  to 1 / 2  reported in Table 1. 

This corresponds in 

The theoretical  radial  f r inge o rde r  distributions in the two circumferential  

polariscopes w e r e  computed f r o m  u 

model in which fringes were  observable in the bonded polariscopes. 

with the experimental  data appears  in Fig. l b .  

and ur  as shown in Table 6 in the region of the 

The agreement  
W 

The longitudinal data in  the skir t  polariscope at 6 minutes w e r e  compared to 

the theoretical  values shown in Fig. 14, using 216 psi = 1 fringe, 

a c t e r s  of the fields a g r e e  well, a s  do the peak values, although the re  a r e  some 

differences in details possibly resulting f r o m  the magnesium reinforcement which 

has a s h a r p  edge a t  that location. 

The general  char-  

C. P u r e  Moment Loadine 

The  s h a r p  decay of local loading is evident in Fig. 13 which differs radically 

f r o m  the continuous moment distribution on the 2D beam (Ref. 1, F ig .  5 )  based on 

the principal s t r e s s  differences computed theoretically by AGC f o r  the ring moment 

loading. 

the 3D nozzle in contrast  to the continuous 2D distribution, as is to be expected. 

Vanishingly low s t r e s s e s  a r e  to be anticipated aft of the throat  section in 

D. Summary 

In spite of the moderate precision of the fr inge o r d e r  data (1 /4  fringe in  3, 

o r  8 percent  e r r o r )  resulting f r o m  the model complexities, fabrication difficulties, 

and problems in reading the polariscopes, t he re  is little doubt that  theory and experi- 

ment  a r e  essentiaiiy in agreement  for  both p r e s s u r e  and t e m p e r a h r e  luadirigs. 

theoret ical  and experimentally observed low s t r e s s  levels substantiate the observa- 

tions reported in Ref. 1 which, at that time, w e r e  contrary to the predictions of the 

design s t r e s s  analysis (Ref. 2). 

The 
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3. ELASTIC FOUNDATION MODEL STUDY 
- ~ 

3. 1 Introduction 

The u s e  of t h ree  dimensional photoelasticity sometimes may not be completely 

effective in providing solutions to s t r e s s  analysis problems in complex s t ruc tu res  such 

as the Algol 11-B rocket nozzle. 

r equ i r e  investigation, such a procedure could be t ime consuming and costly. 

s ame  reasons,  such approaches may be undesirable during design. 

the general  picture of s t r e s s e s  in a s t ructure  available f r o m  photoelasticity makes  i t  

d e s i r a d e  to employ this general  technique for  such s t ructural  problems. This section 

of the project descr ibes  an  investigation of a procedure which offered the possibility 

of solving these problems. It is based upon employment of two dimensional models 

in which a r e  incorporated the feature which provides three dimensional behavior to 

a body of revolution. 

Furthermore,  if a varietjj of loading codi t ior is  

F o r  the 

On the other hand, 

An axisymmetr ic  shell  under axisymmetric loading may be considered to 

behave s t ructural ly  as a s e r i e s  of longitudinal beams supported by an elast ic  founda- 

tion. 

mechanical and the rma l  loads. 

nal  section w e r e  to be supported by an  appropriate planar photoelastic foundation, 

the longitudinal and circumferent ia l  s t r e s s e s  in the shell  should be revealed. F u r -  

t he rmore ,  it would have the advantage of determining s t r e s s e s  throughout the shell  

for  unit loading at any longitudinal location, thereby permitting a s ses smen t  of a va r i -  

ety cf le-.di-g ~~)11Cl,iticng hlr I simple ----- siimmation, In addition, design changes could be 

incorporated in the model with relatively l i t t le difficulty and cost. 

This model has  been successful in  analyzing circular  cylindrical shells under 

If a photoelastic beam simulating the shell  longitudi- 

The remainder  of this pa r t  of the r epor t  is devoted to a detailed description 

of the development and application of this new photoelastic technique to analysis of 

the Algol 11-B rocket nozzle under internal p r e s s u r e  loading in the entrance and 

throat  region. 
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3. 2 Prel iminary Studies 

A. Purpose 

Once the concept of the elast ic  foundation photoelastic model is put into words,  

However, the s tep between a con- it is a lmos t  evident that the approach should work. 

cept and pract ice  somet imes  is large.  

conduct an elementary experiment before attempting the construction of the elastic 

foundation model of the Algol II-B nozzle. This preliminary investigation w a s  inten- 

ded to reveal  possible limitations to the method and difficulties of model fabrication, 

as well as a check on the accuracy of the procedure,  before proceeding with the Algol 

U-B simulation, 

Consequently, i t  was  considered important to 

The subject chosen for  this preliminary investigation was a uniform w a l l  

c i r cu la r  cylinder loaded by edge shea r s  and moments. The following sections depict 

the basic  e las t ic  foundation theory, describe the model, and show the agreement  of 

theory and experiment for  this s imple case. 

B. Theorv 

The basic  e las t ic  foundation relation for  an  axisymmetr ic  isotropic shell  

under axisymmetr ic  loading is shown in Fig. 17. 

and longitudinal moments 

F r o m  equilibrium of radial  forces  

The re fo re  

where  

produced by the circumferent ia l  ring forces. 

geometry  and r ad ia l  deformation, 

is an equivalent p r e s s u r e  loading ar is ing f r o m  the elast ic  foundation effect 

In t e r m s  of ma te r i a l  propert ies ,  shell  

- 
P = - ( E t / R Z )  w 

s ince  outward motion induces inward pressure.  Therefore  

( 3 )  

The foundation modulus, Et/R2, is the radial  st iffness off the ring of 

length dx acting to r e s t r a i n  the dx beam segment. If a planar foundation is con- 

s t ruc t ed  with this same stiffness, then a longitudinal s t r i p  of shel l  which is supported 



. 

t-;I 
dM M+--dx 

. dx 
d V  ‘V+ - dx 
dx 

(outward) I 

Figure 17 Cross Section of Length dx of Shell W a l l  
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b y  thzt fzundati=n c " ~ l d  behave structurally in the s a m e  manner  as in the actual 

shell. 

the foundation, then (Fig.  18) 

If the longitudinal centerline of the shell  is selected as a rigid reference for 

using elementary s t ru t  theory. 

of the foundation column, 

This relation reduces to an  expression for  the length 

If a l a r g e  range of foundation ma te r i a l s  is available so that E2/E1 may be selected a t  

will,  then it is mos t  convenient to have t l  = t, and W1 = W,, so that 

which involves only the shel l  local radius and radially measu red  thickness. 

choice of W (=W,  = W,) then becomes a matter of model design which may reflect  

other considerations to be discussed in the following section. 

The 

C. Experimental  Procedure 

In theory,  the elast ic  foundation should consist of infinitely many parallel  

spr ings of ze ro  x extent and finite stiffness. In pract ice  they would consist  of 

pai-a&l co?iirrrils =f f ic i to  W e  

investigation was to determine the importance of W upon proper  foundation behavior. 

F o r  this  purpose a pair  of epoxy beams w a s  cemented to a urethane s lab (Fig. 19)  a s  

a first  approximation to the proper design and was loaded as shown in Fig .  20. The 

rigid center  reference line w a s  obtained f r o m  symmetry.  

T h e  f i r s t  portion of this prel iminary experimental 

Upon reduction of the data, differences between theory and experiment indica- 

ted that as a second approximation the foundation behavior could be improved by 

sli t t ing as shown in Fig. 19. 

sat isfactory results.  

After this modification the model w a s  re tes ted with 

D. 

The experimental  data a r e  revealed in the fr inge patterns of Fig. 21  and a r e  

compared  to theory (Ref. 4 )  in F i g .  22. T h e r e  w a s  good agreement  even for  the 

Comparison of Theory and Experiment 
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Figure  19 Model Geometry and Mater ia l  Proper t ies  
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Fig. 20 Exper imenta l  Arrangement  for Pre l iminary  Tes t s  on 
Beam - on - Elastic - Foundation Model 
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A. Uncut Slab Foundation 

B. Foundation W i t h  3 Strips and Slab 

Fig.  2 1 F r i n g e  Pa t t e rns  in  Elastic Foundation Photoelastic Models 
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relatively coa r se  approximations to the exact foundation. 

shea r  and p r e s s u r e  l ines ref lect  the l inear x variation in foundation reaction a c r o s s  

the width of each s t r i p  as a resul t  of bending instead of a curved variation to match 

the longitudinal epoxy beams. 

The broken character  of the 

The  p r e s s u r e  was  determined a t  the longitudinal centerline of the model 

directly f r o m  the s t r e s s  optic law. 

dashed l ine shea r  d iagram and again to obtain the dashed line moment curve. 

This curve was  integrated once to obtain the 

A t  this stage the validity of t h e  approach was considered reasonably well 

established, and i t  was  decided to proceed directly to the elast ic  foundation model of 

the th ree  dimensional Algol 11-B nozzle model. 
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3. 3 Algol 11-B Simulation 

A. Model Design 

The  elast ic  foundation simulation of the Algol II-B t h ree  dimensional model is 

depicted in Fig. 23, which portrays the photoelastic arrangement  and loading system. 

The model dimensions appear  in F ig .  24. 

representing the nozzle c r o s s  section was obviated through the u s e  of the two beams 

(1/2 prototype sca le )  investigated in the 2D studies described in Ref. 1. 

Fabrication of the longitudinal beams 

It w a s  necessa ry  to construct the foundation employing the relationship shown 

in Eq. 6 ,  modified to account f o r  the thick ring behavior and composite ma te r i a l  

propert ies  of the nozzle in the inlet  and throat regions. 

in Ref. 1 in comparing longitudinal and circumferential  c r o s s  section properties. 

The  me ta l  s t ruc tu re  along the model centerline was necessary to accomodate 

These backup s t r ips  of alumi- 

This problem was examined 

the varying lengths of the elastic foundation columns. 

num alloy essentially provided stiff support and represented the rigid reference line 

discussed previously., since the model was constructed symmet r i c  about the center- 

line between the longitudinal beams, 

in column mater ia l ,  a r e  evident in Figs.  23 and 24. These i l lustrate  the need for 

engineering design of an elastic foundation model for  a th ree  dimensional s t ruc tu re  

with the complexity of the Algol 11-B nozzle. 

Variations in column section, as well  as changes 

B. Experimental  Procedure 

Point loads w e r e  applied to the model at the locations shown in Fig. 25. Strong 

co rd  w a s  employed f o r  this purpose since it provided a mos t  efficient means of con- 

trolling fo rce  and direction through u s e  of dead weights and pulleys, a s  shown in F i g .  

2 3 .  T h e  cords permitted determination of s t r e s s e s  in the region of ma jo r  s t r e s s  

level  under  a radial  edge load of 25 lb. applied 2.4 in. above the entrance cone of 

the 1 / 2  s ca l e  model to produce a moment of 60 in-lb., and under r ings of p r e s s u r e  

in the entrance cone and throat. Fringes w e r e  photographed under radial  edge and 

moment  loading. However, fringe o rde r s  under p r e s s u r e  ring loading w e r e  l e s s  

than 1 f r inge and consequently were  measured  at each data station (Fig.  25 )  with a 

Babinet compensator. 

the p r e s s u r e  ring data at each data station of the model. 

The effect  of inlet p r e s s u r e  was obtained by integration of 

This  p rocess  of reduction of the p r e s s u r e  s t r e s s e s  w a s  tedious since it w a s  

n e c e s s a r y  to align the compensator parallel  to the principal s t r e s s  direction at each 

data  point. Fu r the rmore ,  e r r o r s  were  introduced because of uncertainty in the 
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isoclinic angle. 

o r d e r s  due to p r e s s u r e  acting over region A (Fig. 1 )  required consideration of the 

isoclinic angle a t  each point for  the unit load a t  each position. 

buildup of e r r o r  a t  cer ta in  locations, as the data show. 

Finally, the integration of the influence line data to obtain fringe 

This resulted in 

C. Comparison With 3D Data 

The  AGC computer p r e s s u r e  analysis w a s  conducted for  both a longitudinally 

r e s t r a ined  and a clamped boundary. 

w a s  not controlled, and could not be measured  in the experimental arrangement  

employed. 

as evidenced by the leakage observed during that tes t ,  and consequently the assump- 

tion of a longitudinally res t ra ined bolt c i rc le  s eems  reasonable for  that ca se  also. 

The elast ic  foundation model was supported longitudinally only. 

s u r e  data  for  these th ree  situations should be in agreement. 

The ARA 3D experimental boundary condition 

However, i t  appears  reasonable to a s sume  absence of rotational r e s t r a in t  

Therefore  the p re s -  

The  agreement  of the data f o r  the 3D model with theory w a s  demonstrated in 

As may be seen in the comparison of F ig .  26,  the  theoretical  fringe Section L.4A. 

pattern a g r e e s  well with the data f o r  the elastic foundation model under p re s su re ,  

although it d i f fe rs  in some a r e a s  f r o m  the values obtained at the indicated locations. 

F u r t h e r m o r e ,  f o r  local moment there  a r e  differences also (Fig.  27).  These d i sc re -  

pancies a r e  t raceable  to indistinct isoclinics and fringes,  and to loading of the throat  

contour of the elast ic  foundation model by the foundation columns. 

compressive s t r e s s e s  interact  with those induced near  the throat  by the longitudinal 

compression in the plastic region of the longitudinal beams of the model. 

indicates that  it would have been useful, in this  case,  to turn the model inside out 

by r eve r s ing  the longitudinal beams so that the throat edges faced outward away f r o m  

the model centerline. 

The foundation 

This 

D. Summarv 

The  utility of the elast ic  foundation photoelastic model approach to investigate 

axisymmetr ical ly  loaded shells of revolution is considered to have been demonstrated. 

F o r  models  of the complexity of the Algol 11-B rocket nozzle, t he re  may be problems 

in engineering the design of the model. One factor which could simplify this process  

is the availability of a variety of photoelastic mater ia ls  covering a l a rge  modulus 

range. 

The  photoelastic data obtained with this model show a general  s imilar i ty  to 

the 3D resul ts .  I t  is fe l t  that  this agreement could have been improved by reversing 
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Figure 26 Comparison of Elastic Foundation P r e s s u r e  Model Data With 
AGC Theory. 
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A. Before Loading 

8. Radial Shear of 251b. 2.4in. Above Top of Plastic 

F i g u r e  27 Edge Shea r  and M o m e n t  Loading 
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the orientations of the longitudinal beams which r ep resen t  the c r o s s  section of the 

nozzle. 

w a s  avoided in the prel iminary cylinder model by reading fringes on the outer unload- 

ed edges of the beams, resulting in good correlation with theory. 

The alteration of the beam fringe patterns by the elast ic  foundation fo rces  
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4. CONCLUSIONS 

A. 3D Nozzle Analysis 

1. Experiment and theory have been shown to a g r e e  well for  a three-  

dimensional photoelastic model of the Algol II-B rocket nozzle 

loaded by p r e s s u r e  and by a temperature  transient. 

The  r e su l t s  substantiate the inaccuracy in a previous theoretical  

s t r e s s  analysis and reconfirm the low s t r e s s  levels reported 

previously in tes t s  conducted on the s a m e  photoelastic model. 

The higher p r e s s u r e  levels employed in this investigation, toge- 

t he r  with the application of e lectr ic  s t ra in  gages,  w e r e  important 

factors  in achieving the correlation of theory and experiment. 

2. 

3. 

B. 2D Elast ic  Foundation Model 

1. 

2. 

3 .  

A demonstration has been presented of the soundness of the prin- 

ciple of constructing an elast ic  foundation for  a 2D photoelastic 

model of the cross-section of an axisymmetric shell  axisymmet- 

rically loaded. 

Experiments on an elastic foundation model of the 3D nozzle model 

yielded resul ts  in fair agreement with the 3D analyses. 

Improvements could yield techniques which would provide g rea t e r  

accuracy in the data. 
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6 .  APPENDIX 

Reproduction of AGC Summary Report on Computer P r o g r a m  

STRESS ANALYSIS O F  ALGOL II-B PHOTOELASTIC MODEL 

1. DESCRIPTION O F  THE FINITE ELEMENT ANALYSIS O F  SOLIDS 

A. Method of Analysis 

The continuous body is replaced by a sys t em of elements o r  regions of 

t r iangular  o r  quadrilateral  c r o s s  sections. 

ted at joints called nodal points. 

in t e r m s  of the unknown nodal point displacements, evaluating the s t ra in  field f r o m  

these displacements,  and finally knowing the s t r e s s - s t r a in  relations,  evaluating the 

s t r e s s  components f r o m  the s t ra in  field solution. 

The system of elements is inter-connec- 

The  method consists of solving equilibrium equations 

Displacement o r  s t r e s s  boundary conditions can be specified a t  any 

nodal point within the system, in addition, a r b i t r a r y  mechanical, thermal  and accelera-  

tion loads can be prescribed. I t  can be shown mathematically that the method conver- 

ges to the exact solution as the element size dec reases ,  thus, any practical  degree of 

accu racy  can be attained. 

B. Finite Element Idealization 

F igu re  1 represents  a radial c r o s s  section of the photoelastic model 

which has  been subdivided into a sys t em of tr iangular and quauriiaterai  elements. 

These  elements a r e  continuous in the hoop direction (forming rings interconnected at 

the nodal circles).  

4 b 3  nodal points. 

tinguish them f r o m  the element numbers. 

the body af ter  nodal point 19 and element 20. 

The physical model is represented by 408 elements connected at 

The numbers  used in labeling nodal points are under-lined to dis-  

The numbering sys t em is continuous a c r o s s  

- 
A s  seen f r o m  the figure,  a r eas  where the s t ra in  gradients a r e  expected 

to  be high have sma l l e r  elements than those regions where  changes in  s t ra in  a r e  

expected to be low. 
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C. Interpretation of Results 

The solution consists of two basic types of information. 

equations of the system a r e  solved for  the nodal point displacements,  

a r e  the movements of physical points in the body, displacements a r e  positive in the 

directions of positive coordinate axes. Knowing the displacements and assuming the 

displacement field to be l inear  within each element, the s t ra ins  and (from these)  the 

s t r e s s e s  in each element car, be evaluated, 

those at the centroid of the element. 

The equilibrium 

These roots 

The resulting s t r e s s  components a r e  

Boundary s t r e s s e s  and mater ia l  interface s t r e s s e s  a r e  not found directly 

with the finite element technique because s t r e s s e s  a r e  averaged over the elemental 

area.  Boundary values a r e  established by means of extrapolation f r o m  the interior.  

2. DESCRIPTION O F  THE CASES ANALYZED 

Table 1 lists the case  number,  loading condition, and boundary conditions for  

the specific conditions analyzed, 

Table 1 

Cas e Loading Condition Boundary Condition - 
1 Thermal (1)  Simple Support (4 1 

2 Ring Moment (2 )  Simple Support 

3 P r e s s u r e  ( 3 )  Simple Support 

4 P r e s s u r e  Clamped 

(1) A reference temperature  of 70°F is used with the distribution supplied 

( 5 )  

Notes: 

for  the t ime of 6 minutes. 

( 2 )  One inch-pound p e r  circumferential  inch is applied a t  the bolt c i rc le  by 

means of su r face  shea r s  acting on nodal points 9 and 11. 

One pound pe r  square inch is applied normal  to the boundary f r o m  nodal 

points 12 to 208. 

Nodal c i rc le  11 is res t ra ined against axial  ( z )  deflection without develop - 
ing radial  ( R )  shear  forces.  

( 3 )  

(4) 

(5) Nodal c i r c l e s  6, 8, 9, and 11 a r e  fixed in the axial  and radial  directions. 

The  ma te r i a l  propert ies  used in the solution of the cases  described above a r e  

l i s ted  in  Table 2. 
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Mat e rial P rope r  tv 

Table 2 

Material  
( 2 )  Hysol 4290") Magnesium Z31B 

0. 5 6. 5 

31. 0 14. 8 

6 E, 10 psi  

a, 10 in/in/OF 

V 0.335 0.354 

-6 

Notes: (1) Called =ater ia l  1 in the computer solution 

( 2 )  Material  2 

3. PRESENTATION O F  RESULTS 

A. Contour Plots 

F igu res  2 through 5 a r e  plots of contours of constant principal s t r e s s  

The difference in principal s t r e s s e s  differences f o r  the cases  described in Table 1. 

i s  always a positive quantity because the maximum principle s t r e s s  is the algebraic 

maximum. 

s t r e s s  concentration such as the region around the end of the magnesium ring embed- 

ded in the Hysol material .  

Some judgement must  be used in developing the contours in a r e a s  of 

The contours a r e  obtained f r o m  the solution output by interpolating 

between known values at the element centroids. 

tours  and f r e e  o r  inter-mater ia l  boundaries a r e  found by extrapolation f r o m  the 

inter ior .  

The intersections of the s t r e s s  con- 

B. Computer Output 

3 I W O  copies of the solut inn or.tpiit a r e  included with this discussion. The 

r e su l t s  a r e  titled with the appropriate load and boundary conditions. In addition, a 

copy of the computer-plotted geometry is included as verification of proper coordi- 

nate  input data. 

the solution of the s t ress-analysis  problem. 

The  s a m e  coordinates used to plot the element network is used in 

It is worth mentioning that each of the four solutions has the same  tem- 

p e r a t u r e  distribution. Only the analysis for  t he rma l  s t r e s s e s ,  however, has non-zero 

coefficients of expansion, therefore ,  only the la t te r  solutions contains thermal  s t r e s ses .  
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